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Abstract
Symmetric congurations n3 are equivalent to the bicubic graphs of girth >6. They are
reducible to the conguration 73; the Fano{Heawood-graph F , i.e. the projective plane of order
2 by means of a Martinetti-like procedure. ? 2000 Elsevier Science B.V. All rights reserved.
1. Introduction
A conguration (vr; bk) is an incidence structure with the following properties:
(a) There are v points and b lines.
(b) There are k points on each line and r lines through each point.
(c) Two dierent lines intersect at most once and two dierent points are connected
by at most one line.
If v = b (and hence r = k) then the conguration is called symmetric and denoted
by vk .
Congurations were dened by Reye [4] in 1876 (see also [2]). In 1887 Martinetti
[3] gave a construction method for the symmetric congurations n3. These topics were
formulated by Gropp [1,2] in the language of modern mathematics. Given a congura-
tion n3. If possible, remove two parallel (non-intersecting) lines a and b and two points
A0 and B0 from a and b resp. which are not on a common line. Add a new point Z and
three new lines fZ; A1; A2g; fZ; B1; B2g; fZ; A0; B0g through Z . A conguration (n+ 1)3
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is obtained.
This is not always possible. Martinetti called congurations n3 allowing the appli-
cation of this procedure reducible. His method does not cover an innite number of
exceptions, called irreducible congurations.
Some famous congurations n3 are the Fano-plane 73; the Pappus Conguration
93 and the Desargues Conguration 103; which are important in projective and ane
geometry. There is an interpretation of a conguration n3 as a graph G(n3). We could
think of the lines as white vertices and the points as black ones. Two vertices are
connected by an edge, if the corresponding line and point are incident. Since two lines
intersect at most once and two points are connected by at most one line, the graph
contains no cycle of length 4. The girth is greater than or equal to 6. For the sake of
simplicity we will identify congurations and their graphs.
Symmetric congurations nk are k-regular bipartite graphs. The congurations n3
which we are interested in are 3-regular bipartite graphs, the so-called bicubic graphs,
with girth >6. We give an example of this interpretation for the Fano-plane 73 which
is the Heawood graph F .
Fano{Heawood graph F.
Martinetti’s result leaving innitely many irreducible congurations motivate the de-
velopment of a generalized reduction procedure by means of which every n3 can be
reduced to F . In this paper we shall prove that there exists a nite number of gener-
alized Martinetti-like reduction procedures, such that every bicubic connected graph G
with girth >6 dierent from the Fano{Heawood graph F can be reduced to a smaller
one of the same kind, having two vertices less, and by iteration to F .
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2. Symmetric congurations n3
We give a reduction procedure for the class of connected nite bicubic graphs with
girth >6. Using this procedure every graph G(n3) can be reduced to a graph G((n−
1)3); as long as it is not in the base, the set of minimal elements. It is known that
the Fano{Heawood graph is irreducible, since it is the smallest conguration G(n3).
Indeed, it is the only irreducible conguration with respect to our reduction procedure,
and hence it can be considered as the base of these structures.
All graphs G(n3) could be produced by reversing the process.
Let G=(V; E) be a graph and S V . The induced subgraph on V n S is denoted by
G − S.
Denition 2.1. A symmetric conguration G(n3) is called edge-reducible if and only if
there is an edge vw 2 EG such that G−fv; wg has a supergraph H; V (G−fv; wg)=VH;
and H is a conguration G((n− 1)3).
Lemma 2.1. Every symmetric conguration G(n3); having an edge not in a cycle of
length 6 is edge-reducible.
Proof. There is an edge vw 2 EG; which is not in a cycle of length 6.
Remove vw from G; and join x1; y1 and x2; y2 by new edges as above. The graph
constructed in such a way is bicubic and has girth >6.
Theorem 2.1. There exists a nite number of generalized Martinetti-like reduction
procedures; such that every bicubic connected graph G with girth >6 dierent from
the Fano{Heawood graph F can be reduced to a smaller one of the same kind, having
two vertices less, and by iteration to F.
Proof. If there is an edge, which is not contained in a cycle of length 6, then G is
edge-reducible. If all edges belong to some 6-cycle, then G is Z-reducible or there are
subgraphs isomorphic to A1; A2; T or A2 + T in G which can be reduced with one of
the procedures, which we will describe below.
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Next we shall try to remove 6-cycles from congurations which are not edge-reducible.
Let G be such a conguration G(n3) and C a 6-cycle in G.
There is only one bipartite graph Z on 4 vertices, namely the path Z of length 3,
such that (G − VC) [ Z can be extended to a (n − 1)3-conguration H with VH =
V (G − VC) [ VZ .
Denition 2.2. A symmetric conguration G(n3) is called Z-reducible, if and only if
the graph we obtain by removing a 6-cycle C from G and attaching the graph Z as in
the following gure is a conguration G((n− 1)3).
It is easy to see that Z-reducibility is only possible (i) if there is at least one pair
(vi; vj) and one pair (wi; wj) which both do not have a common neighbor and (ii)
if there are not exactly 3 edges viwj; 16i; j63. If (i) or (ii) is not satised then
Z-reduction will produce a cycle of length 4.
We deal with the non Z-reducible case. Let G = G(n3).
If all pairs (vi; vj) of vertices have a common neighbor, then G has a double-6-cycle
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as a subgraph,
where zi; zj may be the same vertex. There are two possibilities, jfz1; z2; z3gj = 3
and jfz1; z2; z3gj = 1. Hence we have two subgraphs A1; A2 which are obstacles for
Z-reduction:
If in G there are exactly three edges viwj; then there is a subgraph of G isomorphic
to the following T .
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A1 and T cannot occur simultaneously on any 6-cycle C in G; but a combination
\A2 + T" of A2 and T is possible.
We now dene reduction procedures for these special situations.
Case A1: Assume that G contains A1
Obviously, jfz1; z2; z3gj = 3 and there are i; j 2 f1; 2; 3g; i 6= j; such that
z1wi; z3wj =2 EG. Remove C and the 6-cycle C0 containing v1; v2 and v3 from G and join
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G − (VC [ VC0) with a new graph Y on 10 vertices as follows:
where 16k63 and k 62 fi; jg. This graph is bipartite and has no cycle of length 4 and
has two vertices less than G.
Case A2: Assume that G contains A2.
We distinguish two subcases:
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Subcase A2 and not T: There is a vertex w in G and i 2 f1; 2; 3g such that viw 2 EG
and w 6= xi. The situation is as in the following gure with i = 1:
It is obvious that ui 6= v1 for i=1; 2; otherwise a cycle C4 would occur. The following
holds:
jfz1; z2; z3; z4gj= 4;
ui 6= ui+1 for i = 3; 5; 7:
We may assume that z5 6= z3 and z5 6= z4. We remove the indicated subgraph Ua
from G and join G n Ua with a new graph on 14 vertices as in the picture:
This is a 3-regular bipartite graph with no cycle of length 4. Since 16 vertices are
removed from G and 14 new ones are added, there are only jVGj − 2 vertices in the
new graph.
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Subcase A2 and T : Assume the graph A2 + T is contained in G. For all vi; i 2
f1; 2; 3g; there is an edge vixj; j 2 f1; 2; 3g. So we are in the following situation:
Assuming, that G is not the Fano{Heawood-graph F; there is a vertex u 2 VG nVA2
and i 2 f1; 2; 3g; such that a1; a2 2 VG nVA2 with ua1; ua2 2 EG. Remove the edge xiu
and connect aibi; i = 1; 2; by a new edge. No cycle of length 4 will appear, since the
neighbors of b1 and b2 in A2 all have degree 3, there can not be a common neighbor
with a1 or a2.
We again obtain a 3-regular bipartite graph on jVGj − 2 vertices with no cycle of
length 4.
Case T : Assume G contains T
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There are no edges v01w
0
3; v
0
2w
0
1 or v
0
3w
0
2 in G. Let C
+ the subgraph of G induced by
C and all neighbors of C.
If jfv01; v02; v03; w01; w02; w03gj= 6 and there are no edges v0iw0j then one can remove C+
and join the graph Y to G − VC+.
The new graph is 3-regular and bipartite and has girth >6. It has jVGj − 2 vertices.
Subcase 1: If two w0i are identical and dierent from the third, say w
0
1 = w
0
2 and
w03 6= w01; then consider the following graph:
v is a neighbor of all white neighbors of the dotted cycle. Fortunately, this occurs in
case A2.
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Subcase 2: If w01 = w
0
2 = w
0
3; the situation is the same as in case A2 + T .
Subcase 3: There are edges v0iw
0
j.
(a) If there are exactly 6 neighbors of C; we remove an edge v0iw
0
j and add two new
edges as shown in the picture.
The new graph is bicubic and contains no cycle of length 4. The number of vertices
is reduced by 2.
(b) If w01 = w
0
2 and w
0
1 6= w03; then the situation is like the one in the rst subcase.
(c) If w01 = w
0
2 = w
0
3; then we are in the second subcase.
This proves the theorem.
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